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Controlled Markov Processes And Viscosity
Solutions

Controlled Markov Processes and Viscosity Solutions Understanding the intricate relationship between controlled Markov
processes and viscosity solutions is fundamental in the fields of stochastic control, mathematical finance, and optimal decision-
making. These concepts serve as the backbone for modeling systems where decisions influence future states, and the solutions
to the associated equations are often complex and non-smooth. This article provides a comprehensive overview of controlled
Markov processes, their importance, the role of viscosity solutions in addressing the related Hamilton-Jacobi-Bellman (HJB)
equations, and the interplay between these mathematical frameworks.

Introduction to Controlled Markov Processes

Controlled Markov processes (CMPs) are stochastic models where the evolution of a system depends not only on its current state
but also on a control action selected by an agent or decision-maker. These processes form the foundation of stochastic control
theory, enabling the formulation and analysis of optimization problems under uncertainty.

Basic Concepts and Definitions

Markov Property: The future state depends only on the present state and the control, not on the past history.1.
Control Process: A rule or policy that determines the control actions based on the current state and possibly time.2.
State Space: The set of all possible states the process can occupy, often assumed to be a subset of Euclidean space.3.
Transition Dynamics: The probabilistic laws governing the state transitions, typically described via stochastic differential4.
equations (SDEs) or Markov kernels.



Mathematical Formulation
A typical controlled Markov process can be modeled through an SDE of the form: \[ dX_t = b(X_t, u_t) dt + \sigma(X_t, u_t) dW_t,
\] where: - \(X_t\) is the state variable at time \(t\), - \(u_t\) is the control process chosen from an admissible control set, -
\(b(\cdot, \cdot)\) is the drift coefficient, - \(\sigma(\cdot, \cdot)\) is the diffusion coefficient, - \(W_t\) is a standard Wiener
process. The control process \(u_t\) influences the evolution, and the goal is often to select controls to optimize a certain cost or
reward function.

Optimal Control and Value Function

The central problem in controlled Markov processes is to find an optimal control policy that minimizes (or maximizes) an
expected cost (or reward). This leads to defining the value function, which encapsulates the optimal expected outcome starting
from a given state.

Definition of the Value Function
For a given initial state \(x\), the value function \(V(x)\) is: \[ V(x) = \sup_{u \in \mathcal{U}} \mathbb{E}\left[\int_0^{\tau} e^{-
\rho t} l(X_t, u_t) dt + e^{-\rho \tau} g(X_\tau)\right], \] where: - \(\mathcal{U}\) is the set of admissible controls, - \(l(\cdot,
\cdot)\) is the running cost, - \(g(\cdot)\) is the terminal cost, - \(\tau\) is a stopping time (e.g., exit time), - \(\rho\) is a discount
rate.

Dynamic Programming Principle (DPP)
The DPP states that the value function satisfies the recursive property: \[ V(x) = \sup_{u \in \mathcal{U}}
\mathbb{E}\left[\int_0^{\theta} e^{-\rho t} l(X_t, u_t) dt + e^{-\rho \theta} V(X_\theta)\right], \] for any stopping time
\(\theta\). This principle leads to the derivation of the Hamilton-Jacobi-Bellman (HJB) equation, which characterizes the value
function.



© unitedstates.sandbox.xylemappliedwater.com Controlled Markov Processes And Viscosity Solutions 3

The Hamilton-Jacobi-Bellman Equation

The HJB equation is a partial differential equation (PDE) that provides a necessary condition for optimality. It encapsulates the
trade-off between immediate rewards and future benefits.

Derivation and Formulation
Assuming sufficient regularity, the value function \(V(x)\) satisfies the HJB equation: \[ \rho V(x) = \sup_{u \in U} \left\{ l(x, u) +
\nabla V(x) \cdot b(x, u) + \frac{1}{2} \operatorname{Tr}[\sigma(x, u) \sigma(x, u)^T D^2 V(x)] \right\}. \] Key points include: -
The equation is often nonlinear, - It involves the supremum over controls, - It can be degenerate, especially when \(\sigma\) is
singular or zero.

Challenges in Solving the HJB Equation
Traditional methods require the value function to be smooth (twice differentiable), which may not hold in many practical
scenarios. Irregularities or nonsmoothness can occur due to boundary conditions, control constraints, or the nature of the cost
functions.

Viscosity Solutions: A Framework for Non-Smooth PDEs

Viscosity solutions are a generalized concept of solutions to PDEs, particularly suited for fully nonlinear or degenerate equations
like the HJB. They allow the analysis and existence proofs of solutions without requiring classical differentiability.

Definition and Intuition
A viscosity solution is defined via comparison with smooth test functions: - A viscosity subsolution is a function \(V\) such that, for
any smooth function \(\phi\) touching \(V\) from above at a point, the PDE inequality holds at that point. - A viscosity
supersolution is similarly defined with test functions touching from below. - A viscosity solution is both a subsolution and a



supersolution. This approach enables working with functions that are merely continuous, bypassing the need for classical
derivatives.

Advantages of Viscosity Solutions

Existence and uniqueness results can be established under broad conditions.1.
Applicability to degenerate and fully nonlinear PDEs.2.
Framework well-suited for numerical approximation schemes.3.

Key Results and Theorems
- Comparison Principle: Ensures the uniqueness of viscosity solutions by comparing sub- and supersolutions. - Stability: Viscosity
solutions are stable under uniform limits, facilitating approximation methods. - Existence: Under suitable conditions, the value
function of a stochastic control problem is a viscosity solution of the HJB equation.

Interconnection Between Controlled Markov Processes and Viscosity
Solutions

The relationship between CMPs and viscosity solutions is fundamental in solving stochastic control problems.

From Control Problems to PDEs
- The dynamic programming principle leads to the HJB equation. - The value function, which may lack smoothness, is interpreted
as a viscosity solution to this PDE.

Implications
- Existence and Uniqueness: Viscosity solutions provide a rigorous framework to verify that the value function is well-defined and
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unique. - Numerical Methods: Viscosity solutions enable the development of numerical schemes like finite difference methods to
approximate the value function. - Extension to State Constraints and Irregular Data: The viscosity framework accommodates
boundary conditions and irregularities typical in real-world problems.

Applications and Practical Significance

Controlled Markov processes and viscosity solutions have numerous applications across various fields:

Financial Mathematics: Pricing of American options, portfolio optimization, and risk management.1.
Engineering: Robotics, automated control systems, and energy management.2.
Economics: Optimal investment, consumption strategies, and resource allocation under uncertainty.3.
Operations Research: Inventory control, supply chain management, and queuing systems.4.

Their robustness in handling complex, real-world problems where classical solutions are unattainable makes them indispensable
tools.

Conclusion

The synergy between controlled Markov processes and viscosity solutions forms a cornerstone of modern stochastic control
theory. By allowing analysts and practitioners to model, analyze, and compute optimal controls in environments rife with
uncertainty and irregularities, this framework bridges the gap between theoretical rigor and practical applicability. Advances in
this domain continue to influence numerous scientific and engineering disciplines, underscoring its enduring importance.

Further Reading and Resources

- Fleming, W. H., & Soner, H. M. (2006). Controlled Markov Processes and Viscosity Solutions. Springer. - Crandall, M. G., Ishii, H.,
& Lions, P.-L. (1992). User's guide to viscosity solutions of second order partial differential equations. Bulletin of the American
Mathematical Society, 27(1), 1-67. - Bardi, M., & Capuzzo-Dolcetta, I. (2008). Optimal



Controlled Markov Processes and Viscosity Solutions

In the realm of stochastic control theory and mathematical analysis, the intersection of controlled Markov processes and
viscosity solutions has become a cornerstone for understanding complex dynamical systems subject to randomness and
decision-making. These concepts, rooted in probability theory and partial differential equations, provide a rigorous framework for
modeling, analyzing, and solving problems where uncertainty and control are intertwined. As industries ranging from robotics to
finance increasingly rely on sophisticated mathematical tools, grasping the essence of controlled Markov processes and viscosity
solutions offers invaluable insights into how systems evolve under strategic interventions and how their optimal behaviors can
be characterized.

Understanding Controlled Markov Processes

What Are Markov Processes?

At the heart of stochastic modeling lie Markov processes, named after the Russian mathematician Andrey Markov. These are
stochastic processes characterized by the Markov property, which states that the future state of the process depends only on the
present state, not on the sequence of events that preceded it. Formally, for a process \( (X_t)_{t \geq 0} \):

\[

\mathbb{P}(X_{t+\Delta} \in A \mid X_s, s \leq t) = \mathbb{P}(X_{t+\Delta} \in A \mid X_t)

\]

for all measurable sets \( A \). This "memoryless" property simplifies analysis and makes Markov processes versatile models
across various disciplines.

Introducing Control: From Markov to Controlled Markov Processes

While standard Markov processes capture systems evolving randomly over time, many real-world problems involve control
actions—decisions made at each step to influence the system's trajectory. When such controls are incorporated, we obtain
controlled Markov processes (also called Markov decision processes in discrete settings).

In a controlled Markov process:
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The controller chooses actions \( a_t \) from an admissible set \( U \) at each time \( t \).1.
The system's evolution depends both on its current state \( X_t \) and the chosen control \( a_t \).2.
The dynamics are described by a controlled transition kernel \( P(x, a, \cdot) \), which determines the probability distribution3.
of the next state \( X_{t+1} \).

Formally, the process evolves as:

\[

X_{t+1} \sim P(\cdot \mid X_t, a_t)

\]

with the control process \( (a_t) \) designed to optimize a certain objective—such as minimizing cost or maximizing reward.

Key Features of Controlled Markov Processes

Decision-Making: Controls are chosen based on available information, often the current state.1.
Optimality Criteria: Objective functions typically involve expected accumulated costs or rewards over time, possibly2.
discounted.
Policy Framework: Strategies or policies specify how controls are selected, either deterministically or stochastically, to achieve3.
the goal.

Applications of Controlled Markov Processes

Controlled Markov processes underpin numerous applications:

Robotics: Navigating uncertain environments with control inputs.1.
Finance: Portfolio optimization under stochastic asset dynamics.2.
Supply Chain Management: Inventory control and demand forecasting.3.
Epidemiology: Intervention strategies during disease outbreaks.4.

The Link to Partial Differential Equations



Dynamic Programming Principle (DPP)

A central tool in analyzing controlled Markov processes is the dynamic programming principle, which relates the value of the
control problem at a current state to the expected value of future states. In continuous-time settings, the DPP leads to Hamilton-
Jacobi-Bellman (HJB) equations—partial differential equations (PDEs) that characterize the optimal value function.

The value function \( V(t, x) \), representing the optimal expected reward starting from time \( t \) and state \( x \), often satisfies
an HJB equation of the form:

\[

\sup_{a \in U} \left\{ -\partial_t V(t, x) - \mathcal{L}^a V(t, x) - f(t, x, a) \right\} = 0

\]

where:

\( \mathcal{L}^a \) is the infinitesimal generator associated with the controlled process.1.
\( f(t, x, a) \) is the running cost or reward function.2.

This PDE encapsulates the principle of optimality and provides a means to compute or approximate \( V \).

Challenges with Classical Solutions

Classical solutions to PDEs require smoothness and differentiability, which are often not available in complex control problems,
especially when the process exhibits discontinuities or the value function is non-smooth. This leads to the development of weak
solution concepts, notably viscosity solutions.

Viscosity Solutions: A Robust Framework

What Are Viscosity Solutions?

Introduced in the early 1980s by Crandall and Lions, viscosity solutions provide a generalized notion of solution for nonlinear
PDEs like the HJB equations. They are particularly suited for problems where classical derivatives may not exist but where the
PDE's structure still permits meaningful interpretation.
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A viscosity solution is defined via comparison with test functions:

Subsolution: A continuous function \( u \) that, whenever touched from above by a smooth test function \( \phi \), satisfies the1.
PDE inequality in a certain sense.
Supersolution: A continuous function \( v \) that, whenever touched from below by \( \phi \), satisfies the PDE inequality in the2.
opposite direction.

A function that is both a sub- and supersolution is a viscosity solution.

Why Are Viscosity Solutions Important?

Existence and Uniqueness: They often exist where classical solutions do not, and comparison principles ensure uniqueness.1.
Stability: They are stable under limits, making them suitable for numerical approximations.2.
Applicability: The framework can handle degenerate, fully nonlinear PDEs, which commonly arise in stochastic control.3.

Connection to Controlled Markov Processes

In stochastic control, the value function's regularity is often limited. Viscosity solutions enable mathematicians to verify that the
value function satisfies the HJB equation even when classical derivatives are absent. This linkage is fundamental for proving the
verification theorem, which confirms the optimality of certain controls.

Practical Implications and Applications

Numerical Methods

The viscosity solution framework has spurred the development of robust numerical schemes, such as:

Finite Difference Methods: Designed to respect comparison principles.1.
Semi-Lagrangian Schemes: Efficient in high-dimensional problems.2.
Monte Carlo and Machine Learning Algorithms: Leveraging probabilistic representations.3.

These methods are essential in fields like quantitative finance, where explicit solutions are rare, and simulation-based
approaches are predominant.



Control Problems in Engineering and Economics

The theoretical foundations of viscosity solutions have translated into practical tools for:

Optimal Investment Strategies: Managing portfolios in uncertain markets.1.
Autonomous Vehicles: Planning paths that account for stochastic disturbances.2.
Energy Systems: Balancing supply and demand under unpredictable conditions.3.

Future Directions

Research continues to extend the theory to:

Mean Field Games: Interacting agents whose collective behavior influences individual dynamics.1.
Stochastic Differential Games: Competitive scenarios modeled via PDEs with viscosity solutions.2.
High-Dimensional Problems: Overcoming the curse of dimensionality with advanced computational techniques.3.

Concluding Remarks

The synergy between controlled Markov processes and viscosity solutions exemplifies how deep mathematical theory informs
practical problem-solving in uncertain environments. By providing a rigorous and flexible framework, this intersection allows
researchers and practitioners to model, analyze, and optimize systems where randomness and control strategies are
inseparable. As technological and computational capabilities advance, the importance of these concepts is set to grow, fostering
innovations across diverse fields and complex systems.

In essence, controlled Markov processes serve as the foundational models capturing the evolution of stochastic systems under
strategic influence, while viscosity solutions provide the analytical backbone for solving the associated nonlinear PDEs that
characterize optimal control policies. Together, they form a powerful toolkit, bridging probability theory, differential equations,
and optimization—paving the way for smarter, more resilient systems in an uncertain world.
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Questions & Answers About controlled markov processes and
viscosity solutions

No Question Answer

1 What are controlled Markov processes and
how do they relate to stochastic control
theory?

Controlled Markov processes are stochastic processes where the evolution
depends on both the current state and a control variable chosen by an
agent. They form the foundation of stochastic control theory, allowing for
the optimization of certain criteria by selecting appropriate control policies
based on the process's dynamics.

2 What is a viscosity solution and why is it
important in the context of Hamilton-
Jacobi-Bellman equations?

A viscosity solution is a type of weak solution for nonlinear partial
differential equations like Hamilton-Jacobi-Bellman (HJB) equations. It is
crucial because it allows for the analysis and existence of solutions when
classical solutions may not exist, especially in control problems with
irregularities or degenerate conditions.

3 How do viscosity solutions facilitate the
characterization of the value function in
controlled Markov processes?

Viscosity solutions provide a robust framework for characterizing the value
function as the unique solution to the associated HJB equation, even when
the value function lacks smoothness. This ensures that optimal control
strategies can be identified via PDE methods.

4 What are the main challenges in
establishing the existence and uniqueness
of viscosity solutions for HJB equations?

Challenges include dealing with nonlinearity, potential degeneracy, lack of
smoothness, and boundary conditions. Proving existence often requires
comparison principles and stability arguments, while uniqueness hinges on
the proper formulation of viscosity solutions and the comparison principle.

5 In what ways do controlled Markov
processes and viscosity solutions intersect
in modern stochastic control applications?

They intersect by providing a mathematical framework where the dynamic
programming principle leads to HJB equations, and viscosity solutions offer
a means to analyze and solve these equations in complex, real-world
scenarios such as finance, robotics, and engineering where classical
solutions are unavailable.



6 Can viscosity solutions be numerically
approximated for controlled Markov
processes, and what methods are
commonly used?

Yes, viscosity solutions can be approximated numerically using methods
like finite difference schemes, semi-Lagrangian methods, and policy
iteration algorithms. These approaches are designed to handle the weak
solution framework and ensure convergence to the true viscosity solution.

7 What recent developments have advanced
the theory of viscosity solutions in the
context of controlled Markov processes?

Recent developments include the extension to fully nonlinear PDEs,
stochastic viscosity solutions, probabilistic representations via backward
stochastic differential equations (BSDEs), and improved numerical schemes
that enhance computational efficiency and applicability to high-
dimensional problems.

stochastic control, dynamic programming, Hamilton-Jacobi-Bellman equation, viscosity solution theory, Markov decision
processes, stochastic differential equations, Bellman equation, optimal control, PDEs in control, stochastic analysis
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